Abstract. We introduce and study a log discrepancy function on the space of semivaluations centered on schemes in positive characteristic that shares many properties with the analogue in characteristic zero. Strong F -regularity and sharp F -purity of Cartier subalgebras are detected using log discrepancies of semivaluations in the same way Kawamata log terminal and log canonical singularities are defined using divisorial log discrepancies. We prove, in positive characteristic, several theorems of Jonsson and Mustaţă regarding log canonical thresholds of graded sequences of ideals, using birational F -singularity techniques in place of log resolutions. Along the way, we give a valuation-theoretic proof that asymptotic multiplier ideals associated to Cartier subalgebras on strongly F -regular schemes are coherent.
Introduction
We study Noetherian schemes X → Spec(k) over a field k of characteristic p > 0 using so-called log discrepancies associated to O X -linear maps F e * O X → O X . These log discrepancies are assigned to valuations centered on X and trivial on k, and more generally to such valuations on the function fields of integral subschemes of X; these semivaluations are the points of the Berkovich -analytification X (see Definitions 2.1.3 and 2.1.8).
Several groups of authors have used log discrepancies of valuations to study graded sequences of ideals, when X is excellent of characteristic zero, using the structure of the space of valuations Val(X) X : Jonsson and Mustaţă first showed in [JM12] that when X is regular and excellent over Q, one can realize Val Q (X) as an inverse limit over the cofiltered collection of log-smooth pairs (Y, D) admitting a proper birational morphism to X. They use this description to extend the definition of log discrepancy along a divisor over X to every rank-one valuation of X, a technique extended to singular varieties by Boucksom, de Fernex, Favre, and Urbinati in [Bou+15] .
Consider now a connected normal scheme X → Spec(k) of characteristic p > 0 with fraction field L and finite absolute Frobenius morphism F : X → X. uniquely determines an extension of ψ to L. The log discrepancy of ∆ ψ along E ⊂ Y is equal to the supremum of the values 1 p e −1 ord E (b) for b ∈ L such that ψ(F e * b) = 1; see Example 3.3.4. Taking this as our starting point, we define the log discrepancy of maps like ψ, and, more generally, of graded O X -subsheaves of ⊕ e Hom L (F e * L, L) closed under self-composition, along a semivaluation with compatible home. This definition recovers many properties usually established using resolutions of singularities for normal excellent Q-schemes. Our methods do not rely upon such resolutions.
Should we learn that log resolutions exist in positive characteristic, one then has available the definition of Jonsson and Mustaţă [JM12; Bou+15] for valuations. Our main result is that these definitions will agree, establishing our approach as an alternative formulation making essential use of Cartier subalgebras, sheaves familiar from birational F -singularity literature.
Main Theorem (Theorem 3.4.8). Let X be a normal F -finite scheme with Cartier algebra C X , and suppose log resolutions exist in characteristic p > 0. Let ∆ ≥ 0 be a Q-divisor on X such that (p e − 1)(K X + ∆) ∼ 0. For valuations v ∈ Val(X), denote by A X (v; ∆) the log discrepancy defined as in [JM12] and by A(v; C X · ∆) our log discrepancy from §3. Then A X (v; ∆) = A(v; C X · ∆) for all v ∈ Val(X).
Our definition on X \ Val(X) does not always agree with the maximal lowersemicontinuous extension of the log discrepancy from Val(X) to X , as used, for example, in [BJ18] ; this non-maximality sees Frobenius splitting information as well. We include a brief study of this relationship, proving that sharp F -purity and strong F -regularity are characterized using log discrepancies of semivaluations in the same way that log canonical and Kawamata log terminal singularities are characterized using divisorial valuations.
Theorem (Theorem 4.0.4). Let X be F -finite and integral with fraction field L and trivial valuation triv X : L × → 0. The Cartier algebra C X is (a) sharply F -pure if and only if A(ζ; C X ) ≥ 0 for all ζ ∈ X .
(b) strongly F -regular if and only if A(ζ; C X ) > 0 for all ζ ∈ X , ζ = triv X .
A consequence of the proof of this theorem is that when C X is F -pure, its F -pure centers are exactly those x ∈ X with mld B (x; C X ) = 0. One important consequence of the description of Val(X) in [JM12] is that log discrepancy is lower-semicontinuous on Val(X). We prove this semicontinuity on the entire -space (with no F -finite assumption) in Theorem 5.0.5; a corollary of this is constructible lower-semicontinuity of the minimal log discrepancy, Theorem 5.0.10. In many ways, it is this shared semicontinuity property that affords the similarity with the log discrepancies on valuation spaces in characteristic zero. As a demonstration of this assertion, we prove, in the new setting of regular F -finite schemes, the main theorems from [JM12] regarding valuations computing the log canonical threshold lct B (a ) of a multiplicatively graded sequence of ideals.
To state these results, we write J(X, a t ) for the ideal whose sections over an affine open U = Spec(R) ⊆ X are those f ∈ R satisfying v(f ) + A(v; a t ) > 0 for all valuations v centered on U ;
this ideal is well-known (in characteristic zero) as the asymptotic multiplier ideal of (X, a t ). These ideals are coherent whenever a log resolution exists for all pairs (X, a t/m m ), being defined in this case as the pushforward of a coherent sheaf on any log resolution of (X, a ]. Lacking such a description in positive characteristics, we first give a purely valuative proof that the sheaf defined above is coherent.
Theorem (Theorem 6.2.3). Let X be an F -finite, strongly F -regular scheme. The asymptotic multiplier ideal sheaf J(X, a t ) is coherent for any graded sequence of ideals a on X and t ∈ [0, ∞).
The main technical statement one needs in the course of this proof is Lemma 6.2.2; a variety of statements like this are known in the literature (cf. [JM12, Proposition 5.9] and the proofs of [Bou+15, Lemma 3.4, Theorem 3.1]). Upon such modifications, our argument gives a purely valuative proof of coherence of asymptotic multiplier ideals on an excellent Kawamata log terminal Q-scheme.
Once we have coherence, we essentially follow the argument of Jonsson and Mustaţă, with only technical modifications, extending the following results to positive characteristics.
Theorem (Theorem 6.5.10; cf [JM12] , Theorem A). Let X be a regular F -finite scheme and a a graded sequence of ideals on X. Suppose λ = lct B (a ) < ∞. For any generic point x of an irreducible component of V(J(X, a λ )) there exists a valuation with center x computing lct B (a ), i.e. such that λ = A(v)/v(a ).
These computing valuations are obtained here and in [JM12] using a compactness argument, and their properties (e.g. Abhyankar) do not seem to be revealed from the proof. Jonsson and Mustaţă conjecture that these valuations must be quasimonomial, a condition equivalent to Abhyankar for excellent schemes in characteristic zero. We state the analogous conjectures here using locally quasi-monomial valuations, a classification that works better in positive characteristics thanks to Knaf and Kuhlmann's local monomialization of Abhyankar valuations [KK05] .
Conjecture 1 (Conjecture 6.5.11; cf. [JM12] , Conjecture B). Let X be a regular Ffinite scheme and let a be a graded sequence of ideals on X such that lct(a ) < ∞.
• Weak version: some locally quasi-monomial valuation computes lct B (a ).
• Strong version: any valuation computing lct B (a ) is locally quasi-monomial.
Following [JM12] , we reduce this conjecture to what is hopefully a more approachable form on affine spaces.
Conjecture 2 (Conjecture 6.5.12; cf. [JM12] , Conjecture C). Consider A n k , where k is an algebraically closed field of positive characteristic and n ≥ 1. Let a be a graded sequence of ideals vanishing only at a closed point x ∈ A n k with lct B (a ) < ∞.
• Weak version: some locally quasi-monomial valuation centered at x computes lct B (a ).
• Strong version: any valuation of transcendence degree 0 over A n k , centered at x, and computing lct B (a ) must be locally quasi-monomial.
Theorem (Theorem 6.5.15; cf. [JM12] , Theorem D). If Conjecture 2 holds for all n ≤ d, then Conjecture 1 holds for all X with dim(X) ≤ d.
1.1. Structure of the Paper. We precede our study with a brief sketch in §2 of the theory of Berkovich spaces as we need it for this paper; we require only the topological properties, and so do not discuss the sheaf theory. In §3, we define our log discrepancy, prove some essential (but elementary) properties, and prove our main theorem. Section 4 is a brief study of the relationship between our log discrepancies, F -purity, and strong F -regularity. We prove in §5 that log discrepancies are lowersemicontinuous on X , and use this to deduce constructible lower-semicontinuity of the minimal log discrepancy on any reduced scheme of positive characteristic. In §6 (formerly §7), we extend to positive characteristics the aforementioned theorems of Jonsson and Mutaţă regarding log canonical thresholds, proving that asymptotic multiplier ideals are coherent sheaves on strongly F -regular schemes in positive characteristics along the way.
In an earlier version of this document, section six was devoted to the transformation of log discrepancies over finite morphisms. This section was mostly independent of the others, and its results were not used elsewhere; thus, the author felt it best to extract it from this paper and expand it in a forthcoming work.
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Berkovich spaces
A ring always has a multiplicative identity in this paper; without further adjectives, our rings are commutative. By a scheme we always mean a separated Noetherian scheme over a field k. Note that this definition includes every (separated, Noetherian) scheme of positive (prime) characteristic, taking k = F p . A point of a scheme refers to any (not necessarily closed) point. By an O X -module we mean a quasi-coherent sheaf of O X -modules. Neighborhoods of a point in a topological space are open neighborhoods.
If X is a scheme and Z ⊆ X is an integral subscheme, we denote by κ(Z) the associated function field of Z, and by O X,Z the local ring at the generic point η Z of Z. For local sections f ∈ O X,Z , we write f | Z for the residue of f in κ(Z). If F and G are two O X -modules, we denote by
We will often need the standard extension of arithmetic operations on R to R ± = R ∪ {+∞, −∞}, where these additional elements satisfy −∞ < r < +∞ for every r ∈ R. The following expressions are undefined:
Most of the technicalities in our definitions, especially those in sections 3, 5, and 6, arise from the need to avoid the undefined expressions listed above.
2.1. Berkovich spaces. The center and home functions. Because we expect this article to be of interest to some unfamiliar with non-archimedean geometric constructions, we provide a summary of the Berkovich theory as we need it. We provide sketches of proofs when the ideas involved are necessary for later sections, deferring to [Ber90] for more detailed developments of the following material. We also comment that the spaces denoted by Berk(X) in previous editions of this work are the same as the -analytifications of Thuillier [Thu07] , of which the present author was previously ignorant; thanks to Matthew Stevenson for pointing this out. We have adopted the X notation, and hope that this notational shift improves consonance with literature. For affine schemes Spec(R), the spectrum M (R) of Berkovich agrees with Spec(R) , considering R to be Banach with respect to the trivial norm.
Definition 2.1.1. Let X be a scheme, recalling that for us all schemes are separated and Noetherian over a field k, considered with the trivial norm.
(a) A rank one, k-trivial semivaluation, hereafter simply a semivaluation, on X is a pair ζ = (w, Z) consisting of an integral closed subscheme Z ⊆ X and a valuation w : κ(Z) → R ∞ := R ∪ {+∞}, required to satisfy the conditions:
We denote by X the set of all semivaluations on X. The subscheme Z of ζ = (w, Z) ∈ X is called the home of ζ (on X), and the home function
The home map is also commonly called the kernel map, e.g. in [Ber90] .
(c) If X is integral with generic point η X , we define Val(X) to be the subset of all semivaluations on X with h X (ζ) = η X , i.e. valuations on κ(X) having center on X. When X = Spec(R), we also write R at times for Spec(R) . (d) Since any subscheme Z ⊆ X is separated, for any semivaluation ζ = (w, Z) on X, there is a unique z ∈ Z such that O Z,z is dominated by the valuation ring
. This z is called the center of ζ on X, denoted c X (ζ). This defines the center function c X : X → X, called the reduction map in [Ber90] . (e) When X is clear from context, we will write O X,c(ζ) for O X,c X (ζ) . We follow a similar convention with h X (ζ).
Remark 2.1.2. Integral subschemes of X and X red are the same, and so X = (X red ) as sets. Moreover, any nilpotent f is sent to +∞ by all ζ ∈ X , so ev f = ev 0 . It will be clear from our construction that X and (X red ) agree as topological spaces.
We now topologize the set X to define the -space of X.
Definition 2.1.3. Suppose X = Spec(R) is a reduced affine scheme, and consider the mapping
Here we consider [0, ∞] as a compact space with the usual real topology on [0, ∞). One checks easily that Spec(R) is a closed subspace of this product space, so is compact by Tychonoff's theorem. The Hausdorff property is inherited.
Remark 2.1.4. It is equivalent to give the set Spec(R) the weakest topology such that ev f is continuous for all f ∈ R.
Remark 2.1.5. The center function is well-known to be anticontinuous in the sense that for Zariski-open subsets U ⊆ X the preimage c −1 Lemma 2.1.6. For any affine X = Spec(R), h X : X → X is continuous.
Proof. We check that h −1
, which is closed by continuity.
Remark 2.1.7. Any ring homomorphism f : R → S induces a continuous map f * : Spec(S) → Spec(R) by f * (ζ)(r) = ζ(f (r)). We see that when f gives an open immersion, the subspace topology on f * (Spec(S) ) agrees with the one defined directly on Spec(R) as above.
Definition 2.1.8 (Berkovich space of a scheme). Let X be a scheme and let U and V be two affine open subschemes of X. Since X is separated, U ∩ V is again affine, and we saw above that the topology on (U ∩ V ) is identical to the subspace topology induced from U or V . Thus, there is a unique topology on X whose open subsets are those U ⊂ X such that U ∩ U is open in the topology from 2.1.3 for every affine open subscheme U ⊆ X.
Remark 2.1.9. As a word of caution, it is eminently not true that
for open subsets U of X. Indeed: supposing that X is integral for simplicity, the home of every valuation having center on X is the generic point of X, and so Val(X) ⊆ h −1 X (U ). However, not every valuation having center on X necessarily has center on U . We do have U = c −1
Remark 2.1.10. Since the topology of X is entirely determined by the topology of U as U ranges over affine subschemes U ⊂ X, checking flavors of continuity reduces to checking this continuity for affine X. Thus, c X remains anticontinuous and h X continuous for any X.
2.2. Z-semivaluations of a scheme. Now we develop some basic properties of a subset of X that we call D(X). This space is discrete in a kind of way, providing a fairly rigid structure that makes the center map continuous. This space nevertheless sees a great deal of the information in X : indeed, D(X) is still large in the sense that the space R >0 D(X) of R >0 multiples of semivaluations in D(X) is dense in X , containing all discrete valuations, which are themselves dense.
Definition 2.2.1. We will say that a valuation w ∈ Val(X) is a Z-valuation if im(w) ⊆ Z, and denote by D(X) the set of Z-valuations. The Z-semivaluations on X are the elements in the closure D(X) of D(X) in X . X (U ), and so in particular if U = Spec(R) is an affine open subscheme of X then D(U ) = D(X) ∩ U , as both sets are described as Z-valuations on the function field L of X that are non-negative on R. Since U is closed in X , the closure of D(U ) in X must be contained in U , and so agrees with D(U ). This implies that D(U ) ⊆ D(X) ∩ U . For the reverse inclusion, let ζ ∈ D(X) ∩ U and let {v α } ⊂ D(X) be a convergent net with limit ζ. Since c X (ζ) ∈ U , we know ζ(f ) ≥ 0 for all f ∈ R, and so v α → ζ implies that there exists α 0 such that for α ≥ α 0 we have v α (f ) > −1. Since v α takes values only in Z, we conclude that v α (f ) ≥ 0 for all α ≥ α 0 and f ∈ R, which is to say that
X is a proper closed subscheme is much more difficult. In general, neither inclusion needed for this equality is clear to the author.
We now conclude this section by proving that the center function becomes continuous with compact fibers upon restriction to D(X). Proof. We may assume X = Spec(R) is affine. Let f ∈ R and ζ ∈ D(X). Then c D (ζ) ∈ V(f ) if and only if ζ(f ) > 0. Since ζ ∈ D(X), im(ζ) ⊆ Z, and so ζ(f ) > 0 is equivalent to ζ(f ) ≥ 1. Therefore, c −1
Lemma 2.2.4. For all x ∈ X, the fiber c −1 D (x) is closed and compact. Proof. Let U = Spec(R) be an affine neighborhood of x and suppose x ∈ Spec(R) corresponds to the prime p ⊂ R. Since c −1
, we may assume that X = Spec(R). Now, c X (ζ) = x for ζ ∈ D(X) if and only if ζ(g) = 0 for all g ∈ R \ p and ζ(f ) ≥ 1 for all f ∈ p. These are both closed conditions.
Log discrepancies of Cartier prealgebras
Let X → Spec(k) be an integral scheme of characteristic p > 0 with fraction field L. The (absolute) Frobenius morphism F : X → X is defined by (f → f p ) for f ∈ O X . We say that X is F -finite if F is a finite morphism, an assumption we generally do not need (and thus do not globally make) in this section.
We begin with recalling two classic lemmas that motivate our definitions. Both of these are special cases of Grothendieck duality.
Lemma 3.0.1. Suppose X is an F -finite normal scheme and let K X be a canonical divisor. Then
There is an isomorphism of S-modules Hom R (S, R) ∼ = S.
One uses this first lemma to associate φ :
, thus to Q-divisors ∆ φ on X (and schemes birational to X) having the property that (p e − 1)(K X + ∆ φ ) ∼ 0. It is this association which lends these φ to birational study of singularities. Without log resolutions, we must find replacements for standard approaches in characteristic zero that make heavy use of them. However, we can use the second lemma to perform an absolute comparison between
e * h for some h. 3.1. Cartier prealgebras. A natural setting in which to develop the basic properties of log discrepancies seems to be that of what we call Cartier prealgebras. These are generalizations of the Cartier subalgebras used throughout positive characteristic birational geometry and Frobenius singularity theory.
where Q e is considered with the F e * O X -module structure, is a Cartier prealgebra on
, viewed as a graded non-commutative sheaf of rings on X via composition. A Cartier subalgebra on X is a graded subring of C X .
Remark 3.1.3. Cartier subalgebras can be thought of as having a similar relationship to Cartier prealgebras that effective divisors have with arbitrary divisors. To wit, we can generate a Cartier prealgebra φ X on X for any φ ∈ Hom L (F e * L, L), and the principal Cartier subalgebras are those φ X ⊆ C X .
3.2.
Restriction of prealgebras to compatible subschemes. We temporarily introduce the following ad-hoc definition that allows us to restrict Cartier prealgebras to compatible subschemes. For subalgebras, we can take all M e below to be O X , and for individual φ : F e * L → L on an F -finite scheme there is always (locally) an effective divisor E such that φ(F e * O X ) ⊆ O X (E) (see [ST14] ), which is to say that we can take M e to be O X (−p e E) on an appropriate neighborhood. If these are the cases of interest to the reader, they may safely skip ahead to subsection 3.3.
Definition 3.2.1. Let I ⊆ O X be an ideal on X and Q a Cartier prealgebra on X. We will say that I is Q-compatible at x ∈ X if there exists a neighborhood U of x and a sequence of line bundles M • = {M e } e≥0 on U such that:
and all e ≥ 0. We will say that I is Q-compatible when I is Q-compatible for every x ∈ X. If W is the closed subscheme of X associated to I, then we also say that W is Q-compatible. We say that M • realizes the Q-compatibility of I at x. Proposition/Definition 3.2.2. Suppose Z is an closed integral subscheme of X that is Q-compatible at x ∈ Z, and suppose M • realizes this compatibility. Since
Since Z is integral, and M e,x | Z is a line bundle on Z, we may embed this sheaf into κ(Z). The resulting generic extension φ Z : F e * κ(Z) → κ(Z) does not depend on M • nor the embedding. Applying this procedure to every ψ ∈ Q x yields a Cartier prealgebra on Z that we will denote by Q Z or Q I Z , depending on the context.
In particular, by reversing this argu-
compatibility at x and any chosen embedding of each L e .
3.3. The definition of log discrepancy.
Definition 3.3.1 (Log discrepancy of a Cartier prealgebra). We define the log discrepancy of a Cartier prealgebra at a semivaluation in four steps:
, and w ∈ Val(X). We define
and w ∈ Val(X). We define the log discrepancy of φ at w to be
(c) Let Q be a Cartier prealgebra on X, w ∈ Val(X), and set x = c X (w). The log discrepancy of Q at w is defined by
we define the log discrepancy of Q at ζ by
If Z is not compatible at x then we set A(ζ; Q) = +∞.
The next proposition provides a way of computing log discrepancies at semivaluations without restricting to the home.
Proof. The first equality is clear from the assumption c X (ζ) = x, which implies ζ(r) ≥ 0 for all r ∈ R and ζ(r) > 0 for r ∈ p x . Let φ Z : F e * κ(Z) → κ(Z) be the induced mapping associated to any sequence of line bundles realizing compatibility at p. Suppose
is at most the supremum on the second line above. Equality is shown by reversing this process.
The following proposition is used to prove the essential conservation property (3.4.3)(b), and is also quite useful when computing log discrepancies in practice. The usefulness of this proposition is the reason we imposed the power-closed property on Cartier prealgebras; everything up to this point is true for arbitrary graded subsheaves Q ⊆ C L .
Proposition 3.3.3. Let Q be a Cartier prealgebra on X, ζ ∈ X with Q-compatible
Similarly, we have an equality
A(ζ; φ).
Proof. The first equality follows from observing that if φ m (F
The second equality is similar, using that φ ∈ Q e,x implies φ n ∈ Q ne,x and A(ζ; φ) = A(ζ; φ n ).
Example 3.3.4 (F -finite DVRs; [CMS15] ). One can associate divisors to (p −1 )-linear maps and deduce log discrepancies using this association. As this process is well-known to experts, we only sketch the construction and refer to [Sch09, Theorem 3.11] and [BS13, §4] for more detailed explanations. Let R = A w be an F -finite DVR associated to a normalized discrete valuation w and p ∈ Spec(R) the closed point, and fix a local parameter π ∈ R. Then Hom R (F e * R, R) is generated by the projection Φ e onto the F e * π p e −1 factor of F e * R. Since R is Gorenstein and F -finite, local duality implies that
as F e * R-modules and that our choice of π fixes an isomorphism so that F e * 1 corresponds to
. This is the key point used by Cascini, Mustaţă, and Schwede (Lemma 3.4.7), and their result is crucial for proving that our definition of log discrepancy agrees with the log discrepancy defined in [JM12] should log resolutions exist. Note that by F -finiteness, for all φ : F e * L → L we have that π c φ(F e * R) ⊆ R for some c ≥ 0 (so in particular φ R is a Cartier prealgebra) and that by the above computation we need only compute the supremum
Example 3.3.5. Let us continue with our F -finite DVR (R, p). Our choice of π gives a generator Φ for C R as before. Let α = Φ e · F e * (uπ f ) and β = Φ s · F s * (uπ g ). We will compute the discrepancy of α · β, meaning 1 − A(w; α · β), in terms of those of α and β; we comment that this is the solution to Exercise [PST14] .
Define ∆ β = 1 p s −1 g and ∆ α = 1 p e −1 f , which are seen to be the discrepancies, based on the calculations in (3.3.4). We calculate the composition α · β, simplifying by writing q = p e and q = p s .
Thus, the discrepancy of α · β is
Example 3.3.6 (Regular local rings). Let κ be an F -finite field and
with maximal ideal m, and let
be a basis for κ over κ p . Then R is F -finite, F * R is free over R with basis
κ p ]}, and Hom R (F * R, R) is generated canonically by the projection Φ onto the
We reduce the case of a valuation centered on any regular local ring to this case in Lemma 6.5.5(a).
Example 3.3.7. If w is a discrete valuation whose associated valuation ring R is not F -finite, then Datta and Smith proved in [DS16, Lemma 4.2.4] (see also [DS17] ) that Hom R (F e * R, R) = 0 for all e ≥ 1. I claim that this implies that A(w; φ) = +∞ for any nonzero φ : F e * L → L. This follows from observing that the set of real numbers {w(φ(F e * r)) : φ(F e * r) = 0} r∈R is unbounded below: if it were bounded below, say by
Proof. This follows directly from: φ(F e * f ) = 1 if and only if φ(F e * h(f /h)) = 1. Proposition 3.3.9 (Birational transformation rule). Let π : Y → X be a proper birational morphism between regular F -finite schemes, and fix canonical divisors K X and K Y agreeing wherever π is an isomorphism. Setting
Here by v(K Y /X ) we mean the valuation of any representative for this Cartier divisor in a neighborhood of c Y (v).
As we have seen,
3.4. Graded sequences of ideals. We now study how Cartier prealgebras can be twisted by sequences of ideals with multiplicative structures, obtaining formulas similar to Lemma 3.3.8. Let {a e } e∈N1 be a collection of ideals on X. We say that {a e } is multiplicatively graded (or simply graded) if a s a t ⊆ a s+t for all t ∈ N, and that {a e } is F -graded if a 1 = O X and a
s a t ⊆ a s+t for all s, t ≥ 0. While it is standard to use the notation a • for both of these, we have need to use these two concepts together and so we will always interpret a • as an F -graded sequence and a as a multiplicatively graded sequence.
Interesting examples of graded sequences of ideals are obtained as the base loci of |L ⊗m | for line bundles L on X. Another common source of graded sequences of ideals are those associated to a semivaluation ζ on X, defined by
We write a (ζ) for this graded sequence.
The F -graded condition is precisely what is needed to make new Cartier prealgebras from old. Every Cartier subalgebra on a Gorenstein scheme arises in this way; see [Bli13; BST12] . One also uses F -graded sequences to study pairs (X, a t ) with a ⊆ O X an ideal and t ≥ 0 a real parameter by studying the F -graded sequence with terms a e := a t(p e −1) [Sch10] .
Definition 3.4.1. We can twist a Cartier prealgebra Q by an F -graded ideal sequence a • = {a e ⊆ O X } e∈N on X and obtain a new O X -subsheaf of C L . We do this by setting
e * a i ) : a i ∈ a e and φ i ∈ Q e . The F -graded condition ensures that Q · a • ⊆ Q is again a Cartier prealgebra.
A special case of interest is constructed from the data of a Cartier prealgebra Q on X, an ideal a ⊆ O X , and a real number t ≥ 0. We define
Note that {a e = a
For ζ ∈ X with center x and an ideal sheaf a ⊆ O X , we define
The following lemma allows us to evaluate semivaluations on sequences of ideals in two ways; the existence of the limits is well-known.
Lemma 3.4.2. (cf. [Ein+06; JM12]) Let ζ ∈ X and {a e } e∈N1 be a sequence of ideals on X, and suppose ζ(a e ) < ∞ for all e. If a • is F -graded, we have the limit
If a is a graded sequence, then
Proof. See [JM12, Lemma 2.3].
The following lemma is applied throughout the paper.
Lemma 3.4.3. Let Q and R be Cartier prealgebras on X, ζ ∈ X a semivaluation with Q-compatible home Z.
Proof. Monotonicity follows directly from the definition; we therefore begin with conservation. Towards this end, Q · a • ⊆ Q implies uniform compatibility of Z with Q · a • . By passing to a • O Z and Q Z we may assume ζ = w is a valuation with associated valuation ring A w . For each e ≥ 0, since X is Noetherian we can select g e ∈ a e such that a e A w = g e A w ⊆ A w . Put x = c X (w) and let φ ∈ Q e,x . From Proposition 3.3.3 we have
ne,x and that ψ(F ne * b/g ne ) = 1. Taking suprema above over all φ ∈ Q e,x and all ψ ∈ (Q · a • ) e,x gives
We now establish the reverse inequality. Since a • is F -graded, it suffices (by Lemma 3.4.2) to show that for all ε > 0 there exists e > 0 such that
We find e > 0, ψ ∈ (Q · a • ) e,x , and b ∈ L such that ψ(F e * b) = 1 and
By definition of Q · a • , there exist φ 1 , . . . φ n ∈ Q e,x and a 1 , . . . , a n ∈ a e,x such that
By reindexing, we may assume that −c = w(φ 1 (F e * a 1 b)) so that φ 1 (F e * uf p e a 1 b) = 1 for some unit u ∈ A × w and some f ∈ A w such that w(f ) = c. Since a 1 ∈ a e , w(a e ) ≤ w(a 1 ), and so
≤ A(w; Q).
Here we are using (3.4.3.1) between the first and second line, and then using that φ 1 ∈ Q e and φ 1 (F e * uf Remark 3.4.4. The assumption that ζ F (a • ), A(ζ; Q), and A(ζ; Q · a • ) be finite is essential. Indeed, for a fairly trivial counterexample without these assumptions (which demonstrates the main trouble), we can take ζ = triv X , Q = C X , and a e = 0 for e > 1. Then ζ F (a • ) = +∞, A(ζ; Q) = 0, and A(ζ; Q · a • ) = −∞. Alternatively, suppose X is regular, Z ⊂ X is a proper integral subscheme of dimension at least one, let p Z be the associated prime ideal, and set a e = (p Fed83] . Let z ∈ Z reg and ζ = ord z be the valuation corresponding to the exceptional fiber of
Definition 3.4.5 (Log discrepancies of graded sequences). Let a be a graded sequence of ideals and Q a Cartier prealgebra on X. For semivaluations ζ and a t ∈ [0, ∞) we define the log discrepancy of the sequence of Cartier prealgebras Q · a t/m m to be the following supremum:
If we define
is a Cartier prealgebra having log discrepancy A(ζ; Q · a t ).
Corollary 3.4.6. Let Q be a Cartier prealgebra on X, ζ ∈ X whose home Z is uniformly Q-compatible, and let a ⊆ O X be a multiplicatively graded sequence of ideals on X such that ζ(a ) < ∞, and let t ≥ 0. If both A(ζ; Q) and A(ζ; Q · a t ) are finite, then A(ζ; Q) = A(ζ; Q · a t ) + t ζ(a ).
We will return to studying asymptotic invariants of graded sequences of ideals in §6, turning now to prove that our definition is the "correct" one, in the sense that should log resolutions in characteristic p exist, the log discrepancy function defined here agrees with the one obtained via the techniques of [JM12] for every valuation. The first step is to establish the result for divisorial valuations; this result was shown to the author by Karl Schwede, who proved it with Paolo Cascini and Mircea Mustaţă. For Q-divisors ∆ ≥ 0 we denote by C X · ∆ the Cartier subalgebra
Lemma 3.4.7 ([CMS15]). Let ∆ ≥ 0 be a Q-Weil divisor on a normal F -finite integral scheme X such that (p e − 1)(K X + ∆) ∼ 0 for some integer e > 0. Let π : Y → X be a proper birational morphism from a normal F -finite integral scheme Y and E ⊂ Y an irreducible divisor. Let A X (E; ∆) be the standard log discrepancy of ∆ on E, i.e. the coefficient of E in E − ∆ Y , with ∆ Y defined below:
Proof. Fixing a canonical divisor K X on X induces a canonical divisor on every Y as above by requiring K Y to agree with K X wherever π : Y → X is an isomorphism. The assumption that (p e − 1)(K X + ∆) ∼ 0 now gives the section F
whose associated divisor has coefficients described as in Example 3.3.4.
From this, our main theorem follows easily.
Theorem 3.4.8. Suppose log resolutions of singularities exist in positive characteristic, let ∆ ≥ 0 be a Q-Weil divisor on X such that (p e − 1)(K X + ∆) ∼ 0 for some e > 0, and let A X (w; ∆) be the log discrepancy of (X, ∆) at w ∈ Val(X)
Proof. We use the notation of [JM12] . If (Y, D) → (X, ∆) is a log smooth pair mapping to (X, ∆), D = D i , and w ∈ QM (Y, D) then
Every log smooth pair (Y, D) over X induces a retraction map 
Therefore, if x = c X (w), we have
Here we are using that c
This theorem establishes the approach to log discrepancies put forth in this section as an alternative to the birational approach by guaranteeing that even should we learn log resolutions exist in positive characteristic, the functions on valuation spaces will agree. We note that our extension to X \ Val(X) is non-standard, as our definition is not the maximal lsc extension (see Definition 5.0.1) to true semivaluations. It is this non-standard extension that gives our log discrepancies the ability to detect F -singularities, as shown in the next section.
Connections with F -singularities
In this section, we briefly explore the relationship of our log discrepancies with two classes of F -singularities. We prove that sharply F -pure and strongly F -regular Cartier subalgebras are characterized using log discrepancies of semivaluations in the same way that log canonical and Kawamata log terminal singularities are defined using standard log discrepancies.
Throughout, we fix a Cartier subalgebra D ⊆ C X on an F -finite scheme X. We recall the following definitions, citing only the modern incarnations defined in our setting by Schwede. See also [HR76; HH89].
Definition 4.0.1 ([Sch08; Sch10]). We say that D is
• sharply F -pure if for all x ∈ X the stalk (D x ) e contains a surjective map for some e > 0.
• strongly F -regular if for all x ∈ X and all f ∈ O X,x there exists e > 0 and φ ∈ (D x ) e such that φ(F e * f ) = 1. Compatible prime ideals of D are called centers of F -purity. Note that since the zero ideal is always compatible, and minimal primes of compatible ideals are compatible (4.9, 4.10 from [Sch10] ), the generic points of each irreducible component of X are centers of F -purity.
For any x ∈ X, the D x -compatible ideal of O X,x maximal under inclusion is a prime called the splitting prime, defined below. If P is the splitting prime of D x , then D P is a strongly F -regular Cartier subalgebra on V(P ).
Definition 4.0.2. The splitting prime of D at x ∈ X is the ideal
Example 4.0.3. We can use log discrepancies of semivaluations to detect wellstudied types of F -singularities. Let x ∈ X and denote by triv x the trivial semivaluation κ(x) × → {0}. For any Cartier subalgebra D, there are exactly three possibilities:
0 iff x is a center of F -purity for D. +∞ iff D is sharply F -pure at x and P(D x ) = m x .
We now prove our main theorem of this section, giving one way that sharply F -pure and strongly F -regular singularities should correspond to log canonical and Kawamata log terminal singularities, respectively. If X = X 1 ∪ · · · ∪ X n is an irreducible decomposition of X, and triv 1 , . . . , triv n are the trivial valuations on the reductions of the components X i , we set X , * = X \ {triv 1 , . . . , triv n }. Similarly, we set D(X) * = D(X) ∩ X , * . Moreover, the same remains true if we replace X , * with D(X) * in either part.
Proof. Since A(ζ; D) depends only on φ ∈ D c(ζ) and both sharp F -purity and strong F -regularity are local conditions, we assume Spec(R, m) = (X, c X (ζ)). Suppose first that D is sharply F -pure and let φ ∈ D e be surjective with φ(F e * f ) = 1. Then
When D is strongly F -regular, by choosing f ∈ m the same inequality as before shows that A(ζ; D) > 0. If D is not strongly F -regular, by the first part of this theorem we may assume D is sharply F -pure. Then the splitting prime P(D) is proper (see [AE05; Sch10] ), and by localizing further we may assume P(D) = m. Since we are assuming D is sharply F -pure, A(triv x ; D) = 0.
Finally, note that in each case the implication "⇐" is established using only the trivial semivaluations on residue fields of points. Since triv x ∈ D(X), we can replace X with D(X).
Question 4.0.5. Suppose C X is sharply F -pure but not strongly F -regular at x ∈ X. Does there exist a non-trivial ζ ∈ X with c X (ζ) = x and A(ζ; C X ) = 0?
Lower-semicontinuity
For this section, let X be a reduced scheme of characteristic p > 0. We show that A(−; Q) is lower-semicontinuous on X for any Cartier prealgebra Q on X. We then deduce that the minimal log discrepancy function derived from log discrepancies on X is lsc on X considered with the constructible topology. Remark 5.0.2. Since X is not generally first countable, we use nets and not sequences for questions of convergence and compactness.
Definition 5.0.3. The constructible topology on X is the minimal topology containing both Zariski open and Zariski closed subsets. This is equivalent to the topology with basis consisting of finite unions of locally closed subsets.
The following lemma is a technical generalization of a classical way of producing a new lsc function from a given collection of lsc functions. The author thanks Kevin Tucker for suggesting this approach, which leads to a much simpler proof of lower-semicontinuity than the author's original. 
Theorem 5.0.5. For every Cartier prealgebra Q on a reduced scheme X of positive characteristic p, the log discrepancy A(−; Q) is lsc on X .
Proof. Recall that Q is quasi-coherent and graded, and X has an open cover by U for Spec(R) = U ⊆ X affine open. Quasi-coherence gives some graded Rmodule Q = ⊕ e Q e ⊆ ⊕ e Hom L (F e * L, L) on such a U satisfying Q| U = Q. The log discrepancy A( ; Q) is constructed in the same manner as the function a from Lemma 5.0.4, using the locally constant sheaf associated to U → {A( ; φ) : φ ∈ Q e \ {0} for some e ≥ 1}. Therefore, it is enough to assume X = Spec(R), fix a nonzero φ ∈ Q e , and prove that A( ; φ) is lsc.
For any f ∈ R and n ≥ 1, set S(f, n) = φ n (F ne * f ). Varying f ∈ R, we obtain an open cover of X using the open subsets V f,n = ev
defined in (3.3.1.a), is continuous. Consider the sheaf of continuous functions defined on U ⊆ X by
Since A(v; φ) = sup{E(f, n, ζ) : G ζ }, we apply (5.0.4) once again and conclude that A( ; φ) is lsc.
Remark 5.0.6. If A(v; φ) ∈ R for v ∈ Val(X), and ε > 0, we can be more precise in demonstrating a basic open subset V ⊆ Val(X) with A(v; φ) − ε < A(w; φ) for all w ∈ V . Indeed, keeping notation from the previous proof, suppose A(v; φ) − ε/2 < E(f, n, ζ) for some f ∈ L with φ n (F ne * f ) = 1. One can check that V = {w ∈ Val(X) : |v(f ) − w(f )| < (p en − 1)ε/2} has the desired property.
Being a weak topology, a natural basis for the topology near a given ζ ∈ D(X) over an open affine Spec(R) ⊆ X is given by finite intersections of sets of the form
, where ε is a positive real number and f ∈ R; the first type of set is used in the case ζ(f ) < ∞ and the second when ζ(f ) = ∞. An important property of D(X) not shared by X is that ev Proof. We assume that X = Spec(R) and that our basic open subset is of the form
fi (n i,j ) for some f i ∈ R and n i,j ∈ Z ≥0 ; the case involving ev
c when n = 0, and p ∈ V(f i ) when n > 0. For each 1 ≤ i ≤ s, we re-number so that n i,j = 0 for 1 ≤ j ≤ t i , and n i,j > 0 for t i < j ≤ t i . We use the following lemma to pass lsc functions from D(X) to X by minimizing on fibers of c D . These semicontinuity results are typically deduced for excellent schemes over Q using log resolutions (e.g. [Amb99, Theorem 2.2]); such results become special corollaries of our lemma. Then m is lsc on Z whenever a is lsc on Y .
Proof. If m(z) = −∞ then lower-semicontinuity is automatic at z, so we may assume m(z) > −∞ for all z. Fix z * ∈ Z; we show lower-semicontinuity of m in two steps, treating the case m(z * ) = +∞ first. In this case, a(y) = +∞ for all y ∈ f −1 (z * ). Now if z ν → z * is a convergent net in Z, we wish to show that (lim inf ν m(z ν ) = +∞). Assume we have some subnet {z µ } with (lim inf µ m(z µ ) = t ∞ < ∞); there exists a subsequence {z n } N with (t ∞ −1/n < m(z n ) ≤ t ∞ ). We select
. Take a subsequence {y ns } ⊆ {y n } so that (lim inf n a(y n ) = lim s a(y ns )). Since f is continuous, (f (y ns ) =: z ns → z * ), so every convergent subsequence of y ns must have limit (y * ∈ f −1 (z * )). We know a(y) = +∞ for y ∈ f −1 (z * ), and a is lsc on Y , so (lim s a(y ns ) = +∞). This contradicts t ∞ ∈ R.
For the final case when m(z * ) ∈ R, we follow a similar argument as before with more careful estimates. Since m is not lsc at z * , there exists a net z β → z * and δ > 0 such that
For all n ≥ 1, there exists β n so that, setting z n := z βn ,
Since m(z n ) is an infimum, there must exist
Passing to a convergent subsequence y nt → y * , which exists by compactness of Y , we know that f (y * ) = lim t f (y nt ) by continuity. Since Z is Hausdorff, we conclude f (y * ) = lim t z nt = z * . Combining these estimates, we see
This is absurd, and we conclude that m is lsc on Z.
Definition 5.0.9. The Berkovich minimal log discrepancy of Q at x ∈ X is defined to be mld B (x; Q) = min A(ζ; Q), where we minimize over ζ ∈ D(X) with c D (ζ) = x. Compactness of the fibers of c D (Lemma 2.2.4) proves this minimum is achieved.
Note that if mld B (x; Q) < ∞ then any ζ achieving this minimum must have a Q-compatible home Z. Note also that minimizing A(−; Q) over X instead of D(X) produces an uninteresting function: clearly A(λ ζ; Q) = λ A(ζ; Q) for all λ ∈ R >0 , so the minimum at every x ∈ X is either −∞ or 0, based on if A(−; Q) takes on negative values or not. It may be interesting to study the minimum of A(ζ; Q)/ζ(x) with ζ ∈ X , c X (ζ) = x, and ζ = triv x .
Theorem 5.0.10 (cf. [Amb99] ). For any reduced scheme X of characteristic p > 0, mld B (−; Q) : X → R ±∞ is lsc in the constructible topology on X. Equivalently, for any x ∈ X and ε > 0, there is a locally closed subset G ⊂ X containing x such that mld B (x ; Q) > mld B (x; Q) − ε for all x ∈ G. Another natural function to consider is the appropriate version of the log canonical threshold of graded sequences of ideals with respect to strongly F -regular Cartier subalgebras. Many of the proofs found in the final sections of [JM12] can be adapted to our setting, and so we devote §6 to this function.
Log canonical thresholds of graded sequences of ideals
In this section, we study log canonical thresholds of graded sequences of ideals in positive characteristics, re-proving several theorems of Jonsson and Mustaţă along the way. The proofs found in [JM12] generally go through with only mild modifications, replacing characteristic zero techniques with those F -singularity techniques we have already utilized.
Convention: To avoid constantly passing between points and the associated sheaves of ideals, we will generally make statements like "Let m ∈ X be a point. . . " understanding schemes to have underlying topological spaces consisting of the set of prime ideals of O X (that is, X ∼ = Spec(O X )). Unless explicitly stated otherwise, all schemes in this section are understood to have characteristic p > 0. Recall from §3.4 that we notate a for (multiplicatively) graded sequences of ideals, and write b • for an F -graded sequence. Let us fix an integral, F -finite, strongly F -regular scheme X over a perfect field k of characteristic p > 0, and denote by L the fraction field of X. We also fix a strongly F -regular Cartier subalgebra D and a nonzero ideal q on X. We skip these hypotheses when stating most technical lemmas, but make them explicit on definitions and theorems for emphasis, clarity, and ease of reference. Denote by triv X the trivial valuation L × → {0} and by Val(X) * := Val(X) \ {triv X }. When X = Spec(R) we also write R , Val(R), and Val(R) * for the spaces associated to Spec(R).
Log canonical thresholds of graded sequences. Any v ∈ Val(X)
* defines a graded sequence of nonzero ideals, denoted here by a (v):
Jonsson and Mustaţă prove the following statement showing that w(a (v)) compares the values of w and v, asymptotically. Recall from §3 we define, for any graded sequence a on X,
Definition 6.1.2 (Log canonical threshold of graded sequence). Let X be an integral, F -finite, strongly F -regular scheme, D a strongly F -regular Cartier subalgebra on X, 0 = q ⊆ O X an ideal sheaf, and a nonzero graded sequence of ideals on X.
The log canonical threshold of a with respect to q, D, and ζ ∈ X is
which is equivalent to We will show, as do Jonsson and Mustaţă, that this infimum is in fact achieved when it is finite. Lemma 6.1.5. Let v ∈ Val(X) * with A(v; D) < ∞ and consider graded sequences a and b on X. Suppose lct
Consequently, lct , we see that Example 6.1.6. Let us discuss briefly the behavior of lct B on various ζ ∈ X .
(a) If triv X is the trivial valuation on X, then ζ(q) = 0 = A(ζ; D) and lct
6.2. Asymptotic multiplier ideals of Cartier subalgebras. We define sheaves of ideals J(D · a t ) containing information about values, and in particular minima, of A(−; D · a t ). We model our definition on the valuation-theoretic description of asymptotic multiplier ideals, see e.g. [Laz04; JM12; Bou+15].
Definition 6.2.1 (Asymptotic multiplier ideal of (D·a t )). Let X be an integral, Ffinite, strongly F -regular scheme, D a strongly F -regular Cartier subalgebra, and a a graded sequence of ideals on X. For t ∈ R ≥0 and an affine open U = Spec(R) ⊆ X, the asymptotic multiplier ideal of (D · a t ) on U is
We now prove that this sheaf of abelian groups gives a coherent sheaf of ideals on X whenever X is integral, F -finite and strongly F -regular. The following lemma is used to make compactness arguments several times throughout this section.
Lemma 6.2.2. Let X be an integral, F -finite, strongly F -regular scheme, D a strongly F -regular Cartier subalgebra, and a = 0 an ideal on X. For any t ∈ [0, ∞), the set
Proof. This set is closed, since (a → ζ(a)) is continuous on X and A(−; D) is lower-semicontinuous; thus, this space is compact since X is. Note also that V t ⊆ Val(X) * , since strong F -regularity of D implies A(ζ; D) = +∞ for every ζ ∈ X with h X (ζ) = η X , and ζ(a) = 1 implies that ζ = triv X . Thus, V t is a compact subset of X contained in Val(X) Theorem 6.2.3. Suppose X is an integral, F -finite, strongly F -regular scheme and D is a strongly F -regular Cartier subalgebra on X. The multiplier ideal J(D · a t ) is a coherent sheaf for every graded sequence of ideals a on X and every t ∈ [0, ∞).
Proof. Coherence is a property on each affine chart of X, so we reduce to the case X = Spec(R), and only must check that the multiplier ideal is preserved by localizing at a single element of R. If t < lct B (X; D, a ) then the multiplier ideals in question are O X , so we assume lct B (X; D, a ) < ∞, and t ≥ lct B (X; D, a ) .
I claim that it is enough to show the theorem for a single ideal, meaning a s = a for all s ≥ 1 and some fixed a ⊆ O X . To ease notation in proving this claim, for localizations R g of R we define
Thus, we simplify the setting and notation, writing J(R g ) for the ideal associated to E := D · a t as above. We must prove that
Thus, we may assume g s ∈ J(R) for any s ≥ 0. We wish to show that y ∈ J(R)R g implies y ∈ J(R g ), and it is enough to check this for y ∈ R. We do this by showing that there exists w ∈ Val(R g ) * such that w(y) + A(w; E) ≤ 0. Since y ∈ J(R)R g , we know that g n ∈ (J(R) : y) for any n ≥ 0, so by definition there exists w n ∈ Val(X) * for each n such that
Being a sum of a continuous and lower-semicontinuous function,
is also lower-semicontinuous. Thus, if we denote by W n the set of all w ∈ Val(X) * satisfying ( † n ), each W n is a closed subset of Val(X) * . Because these w ∈ W n are centered on X, w(g n−1 y) ≤ w(g n y), so W n ⊆ W n−1 for all n ≥ 1. Note also that if w satisfies ( † n ) then so does β w for all β ∈ R >0 , so R >0 · W n = W n for each n. We assumed that D is strongly F -regular, so A(w; D) > 0 for every w ∈ Val(X)
* . This implies that if w ∈ W 0 , then w(a) > 0: indeed, by ( † 0 ) we have
Therefore, there exists an R >0 multiple of w with w(a) = 1. Now for w ∈ W 0 with w(a) = 1, the above estimate tells us A(w; D) ≤ t, so the intersection of W n with the set V t of Lemma 6.2.2,
is nonempty for all n ≥ 0, so W n := W n ∩ V t is also a non-empty compact 2 subset of X . A descending chain of non-empty compact subsets has non-empty intersection, hence there exists w ∞ ∈ ∩ n W n ⊆ ∩ n W n . Any such w ∞ satisfies the inequalities ( † n ) for all n ≥ 1, which is impossible if w ∞ (g) > 0. Thus, w ∞ (g) = 0, or equivalently c X (w ∞ ) ∈ Spec(R g ). The existence of such a w ∞ in Spec(R g ) now implies that y ∈ J(R g ).
6.3. Asymptotic multiplier ideals and log canonical thresholds. The following proposition should seem familiar from standard treatments of asymptotic multiplier ideals such as [Laz04] .
Lemma 6.3.1. Let X be an integral F -finite scheme of characteristic p > 0, let D be a Cartier subalgebra and a a multiplicatively graded sequence of ideals on X.
(a) For all m, n ∈ Z >0 , t ∈ [0, ∞), and v ∈ Val(X) * ,
).
(b) Consequently, there is an inclusion of multiplier ideals
m ) for all m sufficiently large and divisible.
Proof. Note that if a ∈ N 1 and b ∈ R ≥0 , then ab ≤ a b , so
Since a is multiplicatively graded, we know a D, a ) . They prove that 6.5.12 implies 6.5.11, and establish 6.5.12 when dim(X) ≤ 2 or each a m is monomial. In positive characteristics, 6.5.12 follows from [DS16] in dimension two; see Example 3.3.7 and compare with [JM12, §9] .
3 ...using that lime→∞ [JM12] , Proposition 3.6(ii), which (as they mention in the proof) works over any ground field. In the same proposition, they show we may in fact assume that the α i are rationally independent by blowing-up appropriately. Thus, there exists a regular local ring (R , m ) of dimension ratrk(v), and so that the residue field of val α is algebraic over R /m . In characteristic zero, every Abhyankar valuation is obtained as the result of some monomialization retraction, induced from a proper birational Y → X and some SNC divisor H on Y (see [ELS01] and Proposition 3.7 in [JM12] ). For fraction fields of finite transcendence degree over a field k ⊇ F p , Knaf and Kuhlmann show in [KK05] that an Abhyankar valuation whose residue field is separable over k admits a local monomialization over X, basically removing the properness assumption on Y → X. Since valuations arising from monomialization seem to work best when passing to completions, and we make essential use of this soon, we introduce the following definition.
Locally quasi-monomial valuations
Definition 6.5.2. Let v ∈ Val(X) with center x ∈ X. We say that v is locally quasi-monomial if there exists a regular local ring (R, m) dominating and birational to O X,x , and a regular system of parameters for R giving the SNC divisor H on
The following lemmas allow us to pass locally quasi-monomial valuations on an F -finite regular scheme to an appropriate affine space via completion. The proofs for these lemmas given in [JM12] are independent of characteristic. Jonsson and Mustaţă prove the next lemma for the more general setting of a regular morphism, but the only case we ever apply it to here is that of completion of local rings of X, so content ourselves to prove it in this case.
Lemma 6.5.5. Let x ∈ X and let X = Spec(R ) → X be the completion morphism at x. Set q = qR and a = a R and extend
Moreover, F -finiteness and flatness prove that
. Moving on to (b), the inequality is clear from (a). We wish to show equality under the assumption m ∈ V(J λ : q). We can identify lct q B (D, a ) as the supremum over t such that 1 ∈ (J t : q), and likewise check 1 ∈ (J t : q ) for lct q B (D , a ) . Moreover, we can check this condition locally by checking at primes containing (J λ : q). Of course, 1 ∈ (J t : q ) is equivalent to v (q ) + A(v ; D · a t ) > 0 for all v , and we have already shown that the expression on the left is v(q) + A(v; D · a t ). Building on ideas from the previous paragraph, suppose m ∈ V(J λ : q). Equality of radicals follows from the statement that v (J λ ) > 0 if and only if v(
Remark 6.5.6. Jonsson and Mustaţă show that in fact J t = J t R for all t ≥ 0, but their proof uses that one can base change log resolutions (used to compute J t ) along regular morphisms. Lacking this technique for computing J t , we do not know if this holds in our setting. Let r 1 , . . . , r n ∈ p give a regular system of parameters for R p and extend this to a full regular system of parameters r 1 , . . . , r d for R. A by-now-familiar computation gives
Strict inequality is achieved as follows. If p m then r n+1 ∈ p and v(r n+1 ) > 0, hence the first inequality above is strict. Suppose then that p = m and let π : Z → Y be the blow-up of m with exceptional divisor E. We know c Z (v) ∈ E and that
and c Z (v ) = c Z (v). Applying Proposition 3.3.9, we may assume Y = Z, and now we are back in the previous case. (a) There exists a on X such that v computes lct
Our proof is very similar to the one found in [JM12] . Notice, however, that we do not have part (ii) of their theorem, since the multiplier ideals J t are not known to be subadditive. A proof of this fact would have to be quite different from the characteristic zero case, since Kawamata-Viehweg Vanishing is used in the proof, and this is known to be false in positive characteristics. 
proving (b). Supposing (b) holds, we prove (c). We see from the definition that v(a (v)) = 1, and so assertion (c) is equivalent to proving
If w(a (v)) = 0 then lct q B (w; D, a (v)) = +∞ and this is trivial. We therefore assume w(a (v)) > 0, in which case the desired inequality is
The left hand side is 0-homogeneous in w, and so we may assume w(a (v)) = 1. Since a (v) is the sequence of valuation ideals for v, if w(a (v)) = 1 then w(a) ≥ v(a) for all ideals a. But then ( * ) holds by assumption (b).
Still following the approach of Jonsson and Mustaţă, we now prove that we may modify a 1 and q so that they are both locally primary to a chosen minimal prime of (J λ : q). For s ∈ N 1 and an ideal m on X, we define (6.5.8.1)
The graded structure of a implies that c is graded. We see also that a j + m sj ⊆ c j for all j ≥ 1, implying that v(c ) ≤ min{v(a ), sv(m)} for all s and v ∈ Val(X). In fact, this is an equality:
We then see that B (D, a ) > λ and let s 0 so that n/s < (λ − λ). For 0 < ε 1 we still have n/s < (λ (1 − ε) − λ). We denote by W the set of v ∈ Val(X) * with lct
We also know that v(a ) > 0 by (6.1.5). Therefore,
,
Additionally, the definitions imply that
for all v ∈ W ε ⊆ W . We can thus estimate
The other inequality follows from monotonicity. Now treating the general case of m a minimal prime of (J λ : q), we may complete X at m without changing the log canonical thresholds. By Theorem 6.5.8(c), (J λ : q) = (J λ : q)R , so we reduce to the previous case. The proof also demonstrates that if v computes lct We are ready to prove the following existence result using essentially the same method as Jonsson and Mustaţă. Proof. Applying Lemma 6.5.5, we may assume (R, m) is local and m = (J λ : q). Enlarging a using the previous proposition, we also assume that m s ⊆ a 1 for some s 0. Since λ < ∞, we can fix M ∈ R with λ < M < ∞, and lct
Note that here we are using that finiteness of lct Theorem 6.5.15 (cf. Theorem 7.5 in [JM12] ). If the weak (resp. strong) version of Conjecture 6.5.12 holds for every n ≤ N then the weak (resp. strong) version of Conjecture 6.5.11 holds for all X with dim(X) ≤ N .
Proof. We begin with the weak versions. Suppose λ = lct q B (D, a ) < ∞ and let m be a minimal prime of (J λ : q). If v ∈ Val(X) * computes lct q B (D, a ) and is centered at m, the continuous extension to the m-adic completion R of O X,x = R has the same rational rank and transcendence degree by Lemma 6.5.3, and so v is locally quasi-monomial if and only if this extension is, too. Applying Lemmas 6.5.9, 6.5.13, and 6.5.5, we may assume R = κ[[x 1 , . . . , x n ]], m = rad(R), and that m s ⊂ a 1 ∩ q. We now wish to apply Lemma 6.5.5 "in reverse" to reduce to the case of A n . Write S = κ[y 1 , . . . , y n ] and identify the n = (y 1 , . . . , y n )-adic completion of S with R. Fixing a generating set for q, we approximate each generator g of q bỹ g ∈ S with g −g ∈ m N , where N 0 so that v(g) = v(g) for every valuation v centered at m. Performing similar approximations for every a ∈ a , we obtain new idealsq =qR andã extended from S and with v(q) = v(q), v(ã ) = v(a ), and n N ⊆ã 1 ∩q. We have an isomorphism Hom S (F e * S, S) ⊗ S R ∼ = Hom R (F e * R, R) for all e ≥ 0 thanks to F -finiteness and flatness of completion. Thus, in every degree C X,e ⊆ Hom R (F e * R, R) may be identified as E e ⊗ S R for some E e ⊆ Hom S (F e * S, S). Now we apply Lemma 6.5.5 to ⊕ e E e = E,q, andã on S and conclude that lct q B (D, a ) = lctq B (E,ã ) and that every valuation computing lct q B (D, a ) is the continuous extension of one on S centered at the closed point 0 ∈ A n κ . We are assuming that Conjecture 6.5.12 holds on A n κ , thus have a locally quasi-monomial valuation centered at 0 computing lctq B (E,ã ), yielding such a valuation on Spec(R).
Let us now proceed to the implication between strong versions. Our strategy will be similar, the crux being twice applying Lemma 6.5.5 to reduce to the case of affine space. Suppose v ∈ Val(X) * computes lct q B (D, a ) = λ < ∞. As we have seen, m = c X (v) ∈ V(J λ : q). We wish to show that v is quasi-monomial. The dimension formula (Theorem 15.6 in [Mat89] ) implies that tr. deg X (v) is the maximum of dim(O X,c X (v) ) − dim(O Y,c Y (v) ) over all proper birational Y → X with Y regular. Thus, by passing to some Y → X (and using Proposition 3.3.9), we may assume tr. deg X (v) = 0. We apply Lemma 6.5.5 with m = c X (v) and reduce to the case assume X = Spec(κ[[x 1 , . . . , x d ]]) with κ an F -finite field, v is a valuation centered at the closed point of X, computing lct q B (D, a ), and such that κ(v) is algebraic over κ. Applying Theorem 6.5.8, we assume that a = a (v), implying m s ⊆ a 1 for some s 0. Now applying Lemma 6.5.13 we assume that m N ⊆ q for some N > λs. Applying (6.5.5) again in reverse, followed by (6.5.14) to assume κ = κ, we conclude v = v | Y must be locally quasi-monomial, so v is, too. 6.6. The Monomial Case. We now prove Conjecture 6.5.11 when each a s is generated by monomials. for every q, with a strict inequality when v = v. Thus we see (using Theorem 6.5.10) there must be a monomial valuation computing lct q B (C X , a ), and that any computing valuation is monomial.
